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We investigate Kaluza-Klein models in the case of spherical compactification of the internal space 
with an arbitrary number of dimensions. The gravitating source has the dust-like equation of state 
in the external/our space and an arbitrary equation of state (with the parameter f2) in the internal 
space. We get the perturbed (up to 0(l/c^)) metric coefficients. For the external space, these 
coefficients consist of two parts: the standard general relativity expressions plus the admixture 
of the Yukawa interaction. This admixture takes place only for some certain condition which is 
equivalent to the condition for the internal space stabilization. We demonstrate that the mass of 
the Yukawa interaction is defined by the mass of the gravexciton/radion. In the Solar system, 
the Yukawa mass is big enough for dropping the admixture of this interaction and getting good 
agreement with the gravitational tests for any value of fi. However, the gravitating body acquires 
the effective relativistic pressure in the external space which vanishes only in the case of tension 
SI = —1/2 in the internal space. 
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I. INTRODUCTION 

The idea of multidimensionality of spacetime is one of 
the most intriguing hypotheses of past and present cen- 
turies. For example, one of the main tasks of the LHC 
is to search for evidence of extra dimensions. However, 
there is a large variety of multidimensional models. It 
is obvious that the search for extra dimensions is most 
effective if we know which of these models are viable. 
In other words, we need to know which of these mod- 
els do not contradict the observational data. The known 
gravitational experiments (the perihelion shift, the de- 
flection of light, the time delay of radar echoes) in the 
Solar system are good filters to screen out non-physical 
theories. It is well known that the weak field approxima- 
tion is enough to calculate the corresponding formulae 
for these experiments fH. For example, in the case of 
general relativity these formulae demonstrate excellent 
agreement with the experimental data. In our previous 
papers we investigated the popular Kaluza-Klein mod- 
els with toroidal compactification of the internal spaces. 
As we have shown, to be at the same level of agreement 
with the gravitational tests as general relativity, the grav- 
itating masses should have tension in the internal spaces. 
This is true for both linear [1,11 and nonlinear f{R) [1,[5| 
models. Unfortunately, the physically reasonable models 
with the dust-like equation of state p = in all spaces 
contradict these tests ^ . It happens because of the fifth 
force generated by variations of the internal space vol- 
ume 7']. For the proper value of tension, the internal 



space volume is fixed and the fifth force is absent. For 
example, it takes place for the latent solitons and black 
strings/branes as their particular cases. 

However, up to now we are not aware of the physi- 
cal meaning of tension for the ordinary astrophysical ob- 
jects similar to our Sun^. Therefore, we continued to 
search for models that satisfy the gravitational tests, be- 
ing free from this physically unclear property. For this 
purpose, we have considered Kaluza-Klein models with 
spherical compactification of the internal space, being a 
two-sphere [13. ITsj. Here, we have shown that the con- 
formal variation of the volume of the two-sphere gen- 
erates the Yukawa-type admixture to the metric coeffi- 
cients. The characteristic range of the Yukawa interac- 
tion for this model is proportional to the scale factor of 
the two-sphere (the radius of the two-sphere): X ^ a. 
On the one hand, the sizes of the extra dimensions in 
the Kaluza-Klein models are bounded by the recent col- 
lider experiments. On the other hand, there are strong 
restrictions on the Yukawa parameter A from the inverse 
square law experiments. According to both of these lim- 
itations, A is by many orders of magnitude smaller than 
the radius of the Sun. Then, with very high accuracy, 
we can drop the admixture of the Yukawa terms to the 
metric coefficients at distances greater than the radius of 
the Sun, and we achieve good agreement with the grav- 
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^ For black strings and black branes, the notion of tension is de- 
fined, e.g., in Jgland it follows from the first law for black hole 
spacetimes [qI TIIII . Obviously, our Sun is not a relativistic astro- 
physical object. Therefore, to calculate motion of a test body in 
the vicinity of the Sun, there is no need to take into account the 
relativistic properties of black holes (e.g., the presence of the hori- 
zon) . It is sufficient to use the corresponding black strings /branes 
metrics in the weak field limit. 
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itational tests for the considered model. In this model, 
the gravitating mass has the dust-like equation of state 
in all spatial dimensions, i.e. tension is absent. 

The following question arises: how general is this re- 
sult? Does it depend on the number of the extra dimen- 
sions? The point is that the critical number of space- 
time dimensions is 10 for superstring theories and 11 for 
M-theory. Therefore, in the present paper, the internal 
space is an arbitrary d-dimensional sphere. We also do 
not limit ourselves with the dust-like equation of state of 
the gravitating source in all spaces. We assume that the 
gravitating mass has this equation of state po = in the 
external/our space, and the equation of state pi « flpc^ 
in the internal space, where the parameter fl is arbitrary. 
It turns out that this generalization plays an important 
role. We show that the considered models with the d- 
dimensional internal sphere can satisfy the gravitational 
tests for any d > 2 and for an arbitrary value fi of the 
parameter of the equation of state in the internal space, 
including the dust- like value = 0. We also get the in- 
ternal space stability condition. For models which satisfy 
this condition, the internal space conformal excitations 
result in the Yukawa-type correction terms to the metric 
coefficients. Moreover, we demonstrate that the Yukawa 
mass is defined by the mass of the gravexciton/radion 
[T^ . Therefore, for sufficiently large Yukawa mass (that 
takes place in the Solar system) the considered models 
satisfy the gravitational tests for an arbitrary value of ft. 
However, we show that the gravitating body acquires the 
effective relativistic pressure in the external space. Ob- 
viously, it is not the case for ordinary astrophysical ob- 
jects similar to our Sun. Such pressure disappears only 
in the case of the bare tension = —1/2 in the internal 
space. Therefore, to be in agreement with observations, 
we again should include tension in the internal space as 
it takes place for the toroidal compactification. 

The paper is organized as follows. In Sec. II we define 
the background solution in the case of spherical compact- 
ification of the internal space with an arbitrary number 
of dimensions. Then, we perturb this solution by a grav- 
itating mass with an arbitrary equation of state in the 
internal space, and obtain the metric correction terms 
from the Einstein equations. Here, we show that the 
conformal variations of the internal space result in the 
Yukawa interaction with the mass defined by the mass of 
radion. In Sec. HI we show that the gravitating body 
acquires the effective relativistic pressure in the external 
space which vanishes only in the case of tension in the 
internal space. The main results are summarized in the 
concluding Sec. IV. 



II. BACKGROUND SOLUTION AND 
PERTURBATIONS 



Before we consider the gravitational field produced by 
the gravitating mass, we need to create an appropriate 
background metrics. Such metrics is defined on the prod- 



uct manifold M = M4 x Md, where M4 describes external 
four-dimensional flat spacetime and corresponds to 
the d-dimensional internal space which is a sphere with 
the radius (the internal space scale factor) a, and should 
have the form 

D 

ds^ ^ c^df - dx^ - dy^ ^dz^ + Y^ 9t.t.d^l , (1) 

where 

goD = -a^ , 

D 

5/./. = -a^ n sii^^^''' /" = 4,...,i:»- 1, (2) 

and D = 3 -I- d is the total number of spatial dimensions. 
To create such metrics with the curved internal space, we 
have to introduce background matter with the energy- 
momentum tensor 

(^2^ ^ ^i') ff^fe for = 0, ...,3; 
^^m^-Ai,)g,fc for i,k = A,5,...,D. 



(3) 

These components of the energy-momentum tensor can 
be easily got from the Einstein equation 



nTik = Rik - -^Rgik - K^vgik 



(4) 



for the background metrics ([T]). Here, k = 2SdGv/c^, 
Sd = 2Tr°/^/r{D/2) is the total sohd angle (the surface 
area of the (D — l)-dimensional sphere of a unit radius) 
and Gt> is the gravitational constant in {V = D + 1)- 
dimensional spacetime. We also include in the model 
a bare multidimensional cosmological constant A-p. To 
get these components of the energy-momentum tensor, 
we took into account that the only non-zero Ricci-tensor 
components are R,,^ = -[{d - l)/a'^]g^^, /i = 4, . . . , D, 
and the scalar curvature is i? = —d(d — l)/a'^. 

It can be easily seen that the expression Q can be 
written in the form of the energy-momentum tensor of a 
perfect fluid: 

Tfe = diag e, -po, -po, -po, -pi, . . . , -pi , (5) 

V d times / 

where the energy density and pressures of the background 
matter in the external and internal spaces are respec- 
tively 

did-1) , 
e = ^ — ^ - Ax) , 



Po 
Pi 



2Ka2 
d(d- 1) 



Ai7, 



2Ka? 
{d-l){d-2) 
2^ 



(6) 
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Therefore, we get the vacuum-Uke equation of state in 
the external space: 



Po = Wo£, Wo = -1, 



(7) 



but the equation of state in the internal space is not fixed: 



pi = LUie , 



(d- 2) 



d{d - 1) - 2Ai5Ka2 



(8) 



i.e. wi is arbitrary. Choosing different values of uji (with 
fixed Wo = we can simulate different forms of mat- 
ter. For example, wi = 1 corresponds to the nionopole 
form-fields (the Freund-Rubin scheme of compactifica- 
tion ll5|])^j and for the Casimir effect we have lui = 4/d 
p^ . It is worth noting that the parameter wi can be 
positive only in the presence of a positive bare cosmo- 
logical constant A-p. Moreover, it takes place only if 
d — 2 < 2Kx>Ka^ / {d — 1) < d. In contrast to the model 



with the two-dimensional sphere in 13|, the parameter 
LUi does not disappear in the case of vanishing Kx> for 
d > 3. 

Now, we perturb our background ansatz by a static 
point-like massive source with non-relativistic rest mass 
density p. We suppose that the matter source is uni- 
formly smeared over the internal space p7| . Hence, mul- 
tidimensional p and three-dimensional rest mass den- 
sities are connected as follows: p — P'i{Yz)/Vint where 
V^nt = [27r(''+i)/Vr((d-h l)/2)] a'^ is the surface area of 
the d-dimensional sphere of the radius a (see, e.g., [6l,[l7{). 
In the case of a point-like mass m, p'i{r'i) — 'm5{v^), 
where ra = jral = yj + y'^ -\- . In the non-relativistic 
approximation the energy density of the point-like mass 
is Tq ~ p(? and up to linear in perturbations terms 
Too ~ P'? ■ Inasmuch as the gravitating mass is at rest 
in the external space, it has the dust-like equation of 
state po ^ fl= fl = f.l = in our dimen- 
sions. However, it may have the non-zero equation of 
state pi w ilpc^ ^ « -ilpc'^ , ^ = 4, 5, . . . , D in 
the internal space. We shall see that this generalization 
has important consequences. All other components of 
the energy-momentum tensor of the gravitating mass are 
equal to zero. 

Concerning the energy-momentum tensor of the back- 
ground matter, we suppose that perturbation does not 
change the equations of state in the external and inter- 
nal spaces, i.e. wq and wi are constants. For example, if 
we had monopole form-fields {ujq = —1,^1 = 1) before 
the perturbation, the same type of matter we shall have 
after the perturbation. Therefore, the energy-momentum 



^ In our case, they are d-forms (see, e.g., Eqs. (2.9) and (5.1) in 

El). 



tensor of the perturbed background is 

{e + e'^)gik, i,fc = 0, ...,3; 

-uJi (e + e^) gik, «, fc = 4, 5, . . . , D , 



(9) 



where the correction is of the same order of magnitude 
as the perturbation pc^. 

We suppose that the perturbed metrics preserves its 
diagonal form. Obviously, the off-diagonal coefficients 
goa, 01 = 1, . . . , £>, are absent for the static metrics. It 
is also clear that in the case of the uniformly smeared 
(over the internal space) gravitating mass, the perturbed 
metric coefficients (see functions A, i?, C, D and G be- 
low) depend only on x,y,z p7j . and the metric struc- 
ture of the internal space does not change, i.e. = 

goD n^=^-i-i sin^ S,^ , p, — i, . . . ,D — 1. The latter state- 
ment can be proved, e.g., in the weak field approximation 
from the Einstein equations (see appendix B in [l^). It 
is also easy to show that in this case the spatial part of 
the external metrics can be diagonalized by coordinate 
transformations. Therefore, the perturbed metrics reads 



ds' 



Ac^dt^ + Bdx^ + Cdy^ 

n ^i^'^'') 

1^=^+1 / 



Ddz'' 



G 




(10) 



with 



A: 

C 
G 



1 + Ai(r3), B« 
-1 + Ci(r3), D 
-a2 + Gi(r3). 



(11) 



All metric perturbations ^C"^ ,G^ are of the or- 

der of e^. To find these corrections as well as the back- 
ground matter perturbation e^, we should solve the Ein- 
stein equation 



Rik 



1 



2 + d 



Tgik 



2 + d 



J^vgik 



(12) 



where the energy-momentum tensor Tik is the sum of the 
perturbed background Tik ® and the energy-momentum 
tensor of the perturbation Tik- First, we would like to 
note that the diagonal components of the Ricci tensor 
for the metrics (fTU|) up to linear terms A^, S^, C^, D^, G^ 
are 



^00 

i?ii 



1 



A3AI 



R 



22 



R. 



33 



2 ^ 
2 ^ 
2 ^ 



-A^ +B'' -C^ 
-A^ + B^ - 



4 



vv 



Rdd 



(13) 
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where A3 = d"^ jdx^ + d"^ jdy^ + d"^ /dz^ is the three- 
dimensional Laplace operator. Additionally, for the 
static metrics (fTO|) . where the coefficients A, B, C, D and 
G depend only on x, y, z, there is the following relation: 



and we introduced the Newton gravitational constant 



AttGn = 



SdGv 

Vint 



(25) 



Rt^t^^RoD n M = 4,...,7^-l. (14) 

iy=fj.+l 

Concerning the off-diagonal components of the Ricci ten- 
sor, they should be equal to zero according to the Ein- 
stein equation ()12p . Taking into account the relations 

gtifi = goD I\^^f,+i sin^ Ci. , = 4, . . . , - 1, and that 
the metric coefficients A, B, C, D and G depend only on 
x,y,z, we can easily verify that all off-diagonal compo- 
nents are identically equal to zero except the components 
Ri2tRi3 and i?23- Equating these components to zero, 
we obtain the following relations between the metric co- 
efficients: 



and 



B'^ = C^ = 



A'-B'-^G'^O, 



(15) 



(16) 



which demonstrate that the expressions in brackets for 
11, 22 and 33 components in (1131) vanish. Therefore, in 
the weak field limit the Einstein equation (|12p is reduced 
to the following system of equations: 



A.B' = 



A.G' = 



l + d + dfl 

l + d/2 
l-dQ ^ 



o d — 2 + duj-i 1 



1 + 


d/2 


14- 


2VL 


1 + 


h 

d/2 


2{d 


-1) 



G' 



l + d/2 
d — 2 + duji 



l + d/2 



-KE 



2 4-h2a;i 21 

z H ri-ta £ 

l + d/2 



(18) 



(19) 



Let us consider now the point-like (in the external space) 
approximation for the gravitating objects: /53(r3) = 
m5{Y^). The generalization of the obtained results to the 
case of extended compact objects is obvious. It is well 
known that to get the physically reasonable solution of 
with the boundary condition — > for — > +00 
the parameter should be positive, i.e. the equation of 
state parameter wi should satisfy the condition 



wi > -1 + 



2 



(26) 



which allows also negative values of wi. From Eq. ([8]) 
we can get the corresponding restrictions for the bare 
cosmological constant: 



2kvna^ , 



(27) 



This inequality relaxes the condition of the positiveness 
of wi. Then, the Eqs. ([21])- ([231) have solutions 



A^ 
B' 
G' 



2(pN 
2(pN 



d 

2^ 
d 

:2 2^ 

; 4yAf 

(2 + dy 



G\ 

(1 + 2Vl) exp 



A 



(28) 
(29) 
(30) 



where the Newtonian potential ip^ = —GNm/r^. It 
is well known that the metric correction term A^ ^ 
0(l/c^) describes the non-relativistic gravitational po- 
tential: A^ = 2(p/(? . Therefore, this potential acquires 
the Yukawa correction term: 



From these equations and the condition we obtain 
the connection between G^ and e^: 



_ d{d-l) 
Then, the system of Eqs. (II71)-([ll]) reads: 



where 



A, U. - -& 



A /-<i 2(1 + 2r2) 2-2 

A3 G — A G = — 1 + d — 

2 2(1 + 2^2) 87rGAr 
a — -, 2~^3, 



2 + d 



id + 2)c 



2{d- l){d-2 + duji) 



(20) 



- 2 SttGat „ 
«pc = —p-i , (21) 

^ 2 87rGAr „ 
npc = 5— p3 , (22) 



(23) 



(24) 



(31) 



The inequalities (1^^ and (P7| provide the condition of 
the internal space stabilization. Obviously, the monopole 
form-field ansatz with wi = 1 satisfies this condition. 
Let us consider this example in more detail. From the 
fine-tuning relation ([5]) we obtain 2AxiKa'^ = {d — 1)^. 
Precisely this quantity provides a zero value of the ef- 
fective four-dimensional cosmological constant (see Eq. 
(5.7) in [l^l where we should make the substitutions 
Ad AxiK, di — d, D — > 4 + d and where Ri — 
d{d — l)/a2, do = 3, = 4). It is clear that in our case 
with fiat background external spacetime, the effective 
four-dimensional cosmological constant should vanish. 
Additionally, this value of Ap satisfies the stability con- 
dition (5.15) in [1^. Moreover, the gravexciton/radion 
mass squared (5.12) (with substitution (5.11)) exactly 
coincides with the Yukawa mass squared = A"^ = 
A{d-lf/[{d+2)a^ 



^exci- Therefore, we arrived at the 
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very natural conclusion that the Yukawa mass is defined 
by the mass of the gravexcitons/radions. 

For reasonable values of the equation of state param- 
eter \n\ 0(1), the Yukawa parameter a (the pref- 
actor in front of the exponential function) is also of 
the order of 1. Then, the inverse square law exper- 
iments restrict the characteristic range of the Yukawa 
interaction: A < 10~'^cm. Obviously, for the above- 
mentioned gravitational experiments in the Solar system 



> 



'■0 



7 X lO^^cm, and the ratio r^/X > 10 



14 



On 



the other hand, the collider experiments also restrict the 
sizes of the extra dimensions for Kaluza-Klein models: 
a < 10"^'^cm. Since X ^ a, then r^/X > 10^^. It is 
clear that for such ratios we can drop the Yukawa cor- 
rection terms in Eqs. (^5)) and Therefore, the post- 
Newtonian parameter 7 — B^/A^ is equal to 1 with ex- 
tremely high accuracy for any value of f2 including the 
most physically reasonable case of the dust-like value 
i7 = 0. The case ft = —1/2 is a special one, and we 
consider it below. Thus we arrive at the concordance 
with the gravitational tests (the deflection of light and 
the time delay of radar echoes) for our model. 



III. EFFECTIVE ENERGY-MOMENTUM 
TENSOR FOR GRAVITATING MASS 



So, at first glance, it seems that we have found a model, 
which, on the one hand, satisfies the gravitational exper- 
iments and, on the other hand, may not contain tension 
in the internal space. However, let us examine in detail 
the energy-momentum tensor of the gravitating mass. As 
follows from Eqs. (|20p and (PH)) . the background pertur- 
bation £^ is localized around the gravitating object and 
falls exponentially with the distance from this mass. 
Therefore, the bare gravitating mass is covered by this 
"coat". For an external observer, this coated gravitating 
mass is characterized by the effective energy-momentum 
tensor with the following nonzero components: 



T^^^^«£i+p(r3)c2 = 



which, for illustrative purposes, can be presented as fol- 
lows: 



d{d-l)mc^ 1 



mc 



^-^(ra) 



(32) 



Vint 



J^a(eff) 



d{d - 1)?71C^ 1 



(33) 



;;^exp(^-y^, a = 1,2,3, 



d(d — l)mc^ 1 f nmc^Slrs) 



wi(l + 2n)—^ — ! ^ — 



exp^-- 



V, 



int 



(34) 



'0 



Vint 
„2 i 



1 



d{i + 2n) 

2{d-2 + duJi) 



^ mc'Sirs) d{l + 2n) 

Vm 2{d-2 + duji) 

a — 1,2,3 , 

T^eff) ^ rnc^H^s) dcji - 2{d - 2)9. 
^ ~ V„u 2{d-2 + doj,) 

^i = ^,...,D, 



(35) 
(36) 

(37) 



where we have replaced the rapidly decreasing exponen- 
tial function by the delta function: 



— expf-^) -> 47rA2,5(r3). 
ra V A / 



(38) 



These equations shows that the effective energy den- 
sity and pressures of the gravitating object depend on 
the parameter fJ, which defines the equation of state 
for the gravitating mass in the internal space. More- 
over, this mass acquires the effective relativistic pressure 
P^o^^'^ — —Ta'''^^^^ in the external/our space. This is the 
crucial point. First, it is hardly possible that ordinary 
astrophysical objects, such as our Sun, have relativistic 
pressure. Second, formulae obtained above are suitable 
for any gravitating mass, and not only for astrophysical 
objects. For example, we can apply these expressions to a 
system of non-relativistic particles forming, e.g., a perfect 
fluid. Then, each of these particles is covered by the coat 
and this coat accompanies the moving particle. It is well 
known that for such perfect fluid the momentum cross- 
ing the elementary spatial area dx^ A dx^ per unit time is 
given by T"'^^ e p\^s\dx'^ A dx^ , a, ^, 7 = 1, 2, 3, where T^^ 
is the energy-momentum tensor of this system. Obvi- 
ously, T"^*^*^^-^' must be included in the total expression 
for the energy-momentum tensor. Therefore, the non- 
relativistic particles have relativistic momentum crossing 
any spatial area. Of course, it contradicts the observa- 
tions. It can be easily seen that the equality $7 = — 1/2 is 

the only possibility to achieve p'q^^^ = for our model. 
It means that the bare gravitating mass should have ten- 
sion with the equation of state pi = — e/2 in the internal 
space. Then, the effective and bare energy densities co- 
incide with each other and the gravitating mass remains 
pressureless in our space. In the internal space the grav- 
itating mass still has tension with the parameter of state 
— 1/2. Therefore, to be in agreement with observations, 
the presence of tension is a necessary condition for the 
considered model. However, we still do not know a phys- 
ically reasonable explanation for the origin of tension for 
non-relativistic gravitating objects. 



IV. CONCLUSION 

In this paper, we investigated the viability of Kaluza- 
Klein models with spherical compactification of the in- 
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ternal space. Here, the internal sphere has an arbitrary 
number of dimensions. First, we considered the famous 
gravitational experiments (the deflection of light and the 
time delay of radar echoes) in the Solar system. To do 
it, we introduced a gravitating source with the dust-like 
equation of state po ^ in the external space and an 
arbitrary equation of state pi w flpc^ in the internal 
space. The perturbed (up to O (l/c^)) metric coefficients 
were found from the Einstein equations. For the external 
space, these coefficients consist of two parts: the standard 
general relativity expressions plus the admixture of the 
Yukawa interaction. The Yukawa interaction arises only 
in the case when the background matter satisfies some 
condition (see the inequality ([26| ) for the parameter of 
the equation of state in the internal space which is equiv- 
alent to the condition of the internal space stabilization. 
From the cosmological point of view, such stabilization 
was considered in papers [13, EB] (see also the appendix 
in 0). The stabilization takes place if conformal excita- 
tions of the internal spaces (referred to as gravexcitons 
[3| or radions) acquire the positive mass squared. In 
our paper, we have shown that the mass of the Yukawa 
interaction is exactly defined by the mass of the gravex- 



citon/radion. In the Solar system, the Yukawa mass is 
big enough for dropping the admixture of this interaction 
and getting very good agreement with the gravitational 
tests for any value of ft. 

However, our subsequent investigation showed that the 
gravitating body acquires the effective relativistic pres- 
sure in the external/our space. It means that any sys- 
tem of non-relativistic particles may have the relativistic 
momentum crossing any spatial area. Of course, it con- 
tradicts the observations. Finally, we have demonstrated 
that the value ft = —1/2 (i.e. tension!) is the only pos- 
sibility to avoid this problem. 
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